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Abstract. The inclusive K+ meson production in proton–nucleus collisions in the near threshold and sub-
threshold energy regimes is analyzed with respect to the one–step (pN → K+Y N , Y = Λ,Σ) and two–step
(pN → NNπ,NN2π; πN → K+Y ) incoherent production processes on the basis of an appropriate folding
model, which takes properly into account the struck target nucleon removal energy and momentum dis-
tribution (nucleon spectral function), novel elementary cross sections for proton–nucleon reaction channel
close to threshold as well as nuclear mean–field potential effects on the one–step and two–step kaon creation
processes. A detailed comparison of the model calculations of the K+ total and differential cross sections
for the reactions p + Be9 and p + C12 with the existing experimental data is given, illustrating both the
relative role of the primary and secondary production channels at considered incident energies and those
features of the cross sections which are sensitive to the high momentum and high removal energy part of
the nucleon spectral function. It is found that, contrary to previous studies performed in the literature, the
pion–nucleon production channels do not necessarily dominate in pA collisions at subthreshold energies
and the relative strength of the proton and pion induced reaction channels in light target nuclei in the
subthreshold energy regime is governed by the kinematics of experiment under consideration.

PACS. 25.40.-h Nucleon-induced reactions

1 Introduction

Kaon production in proton–nucleus reactions at bombard-
ing energies less than threshold energies in a collision of
free nucleons has been extensively studied both experi-
mentally and theoretically in recent years [1–12]. Since
kaons have a long mean free path inside the nucleus, it is
expected to extract from these studies valuable informa-
tion about the nuclear structure at short nucleon–nucleon
separations as well as about the dynamics of the reac-
tion, properties of the produced particles in the nuclear
environment. The first theoretical investigations of sub-
threshold kaon production on nuclei have been performed
in the framework of the respective folding models based
on both the direct mechanism [1, 2, 6, 11, 12] of K+

production (pN → K+ΛN) and on the two–step mech-
anism [1, 3–5] associated with the production of kaons by
intermediate pions (pN1 → πNN, πN2 → K+Λ) using
different parametrizations for the elementary kaon pro-
duction cross sections as well as for the internal nucleon
momentum distribution. In these folding models only the
nucleon momentum distribution has been used and the
off–shell propagation of the struck target nucleon has been
neglected or has been taken into account the most crudely,
but it could be significant in the threshold heavy meson
production processes, since they are limited by the phase

space. Later [8–10] the full nucleon momentum and bind-
ing (removal) energy distribution (nucleon spectral func-
tion) has been properly taken into account in calculating
the subthreshold kaon production in pC and pPb colli-
sions. It has been shown that within the spectral function
approach the measured total [1] and differential [8] K+

production cross sections are underestimated significantly
at subthreshold incident energies by calculations assum-
ing only first chance collisions unaffected [8, 10] by the
nuclear medium or affected [9] by the repulsive impinging
proton optical potential. When the two–step kaon produc-
tion processes with intermediate pions have been taken
into consideration, the results of calculations [8, 9] are in
much better agreement with the experimental data, while
the ones from [10] have shown that without the in–medium
modifications of the available for pion and kaon produc-
tion invariant energies due to the corresponding optical
potentials it is not possible to reproduce at subthreshold
energies via the secondary pion induced channels the con-
sidered experimental data on total [1] and differential [8]
K+ cross sections from pC interactions. However, in or-
der to gain a deeper insight into the relative role of the
primary and secondary reaction channels, it is obviously
necessary, as was pointed out in [10], to carry out a de-
tailed study of subthreshold kaon production in pA colli-
sions on the basis of the spectral function approach that
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includes consistently the mean–field potential effects both
on the one–step and on two–step kaon production pro-
cesses. This is the main purpose of the present article. In
doing so, it is extremely important to incorporate in the
calculations new experimental data points for the total
cross section of the pp → K+Λp reaction in the thresh-
old region covering the excess energy range up to 7 MeV
from the COSY–11 collaboration at COSY–Jülich [13],
which lie above the current parametrizations [10, 14, 15]
employed in the recent studies of the subthreshold kaon
production in proton–nucleus [10] and heavy–ion [14, 15]
reactions as well as to analyze another experimental data
on subthreshold and near threshold K+ production in pA
interactions obtained at the ITEP proton synchrotron [11,
12] together with those presented in [1, 8].

In the present work we have performed an analysis of
the K+ production from pBe and pC reactions in the near
threshold and subthreshold energy regimes using the spec-
tral function approach [10] that has been modified to take
into account the new data points for pp→ K+Λp reaction
close to threshold [13] as well as to treat the mean–field
potential effects on the primary and secondary creation
processes on an equal footing. This approach is explained
in detail in [10], here we only describe the respective mod-
ifications.

2 The model and inputs

2.1 Direct K+ production processes

Apart from participation in the elastic scattering an inci-
dent proton can produce a K+ directly in the first inelas-
tic pN collision due to nucleon Fermi motion. Since we are
interested in a few GeV region (up to 3 GeV ), we have
taken into account [16] the following elementary processes
which have the lowest free production thresholds:

p+N → K+ + Λ+N, (1)

p+N → K+ +Σ +N. (2)

Following the predictions of the effective chiral Lagrangian
approach by Kaplan and Nelson [17], we assume that the
mass of the produced kaon is not changed in the nuclear
medium (see, also, [14, 15, 18]) due to an approximate
cancellation of attractive scalar and repulsive vector mean
fields1, i.e., the total energy EK+ of the K+ meson with
momentum pK+ is given by:

EK+ =
√

p2
K+ +m2

K , (3)

1 It should be remarked that the actual magnitude of these
fields is still a matter of current debate [19–25], although recent
studies [15, 26] indicate that a weakly repulsive kaon poten-
tial (≈ 30 MeV at the normal nuclear matter density) cannot
be excluded by the present data on kaon transverse flow in
heavy–ion collisions, measured by the FOPI Collaboration at
SIS/GSI.

where mK is the rest mass of a kaon in free space. The
effective massesm∗h of other final hadrons (nucleon and hy-
peron) participating in the K+ production processes (1),
(2), which have to be incorporated in our model [10] (see
below) instead of their free space masses mh to allow for
the influence of the nuclear environment on the K+ pro-
duction, are defined by the following dispersion relation
[27–33]:

E2
h = p2

h +m∗2h = (
√

p2
h + (mh + Uhs )2 + Uhv )2, (4)

where Uhs and Uhv are the scalar and vector (time–like com-
ponent) self–energies of hadron h, ph denotes its canonical
three–momentum2. Use the relativistic dispersion relation
for the quasiparticle given by the l.h.s. of (4) enables us
to keep on dealing with relativistic kinematics as in the
on–mass shell case. The effective masses m∗h include the
effective scalar mean–field potentials Uheff , needed for our
calculations:

m∗h = mh + Uheff . (5)

Equations (4) and (5) allow to extract these potentials
provided that the scalar and vector fields Uhs and Uhv are
known. In the general case these fields are density– and
momentum–dependent [27, 31–33]. However, for the pur-
poses of the present study as well as for reasons of sim-
plicity it is sufficient to neglect the explicit momentum
dependence of Uhs and Uhv and to evaluate the effective
fields Uheff knowing the quantities Uhs and Uhv only in a
very limited density and momentum range relevant for
the observed [1, 8, 11, 12] subthreshold kaon production
in pA reactions. Since the K+ creation due to first–chance
pN collisions (1), (2) occurs mainly inside the target nu-
cleus [34] and populates as showed our calculations the
outgoing nucleon and hyperon in a limited kinematical
range with the average kinetic energies ≤ 0.1 GeV for the
most part of kinematical conditions of the experiments on
subthreshold kaon production which will be analyzed be-
low, the potentials Uhs and Uhv should be estimated at the
normal nuclear matter density for the above characteris-
tic energy. Employing the recent parametrization for the
nucleon scalar and vector potentials from [33], obtained
within the self–consistent Dirac–Brueckner approach, it
can readily be found that the nucleon effective potential
UNeff at kinetic energy of 100 MeV for normal matter den-
sity becomes UNeff = −34 MeV . It may be pointed out
that this value of the effective potential UNeff is in good
agreement [10] with the characteristic depth of a potential
well gained in the noninteracting Fermi–gas model.

At present there are a few models for the hyperon
mean–field potentials in nuclear medium [35–37], which
give essentially different predictions for the actual magni-
tude of the potentials. Thus, for example, in the naive
constituent quark model the hyperon self–energies are
about 2

3 of the nucleon self–energies. This assumption is
widely used in the relativistic transport models for high–
energy nucleus–nucleus collisions [15, 32, 37–39]. In view

2 The space–like components of the vector self–energies are
ignored here [33].
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of the substantial uncertainties of the model hyperon self–
energies as well as since at subthreshold energies hyperons
from primary pN interactions (1) and (2) are produced,
as was noted above, in a limited kinematical range, it
is naturally to use for the effective potentials UΛeff and
UΣeff seen by the final low–energy Λ and Σ hyperons the
values of the corresponding optical potentials at normal
nuclear matter density, extracted from the properties of
hypernuclei, namely: UΛeff = −30 MeV [37, 40, 41] and
UΣeff = −26 MeV [41]. The set of parameters:

UNeff = −34 MeV,

UΛeff = −30 MeV, (6)

UΣeff = −26 MeV

we will use throughout our calculations. To see the sen-
sitivity of kaon production cross section from the one–
step processes (1), (2) to the effective nucleon and hy-
peron potentials, we will also ignore these potentials in
our calculations as this has been done in the previous in-
vestigations [8–10] of subthreshold K+ production in pA
collisions within the spectral function approach.

Another medium effect that must be taken yet into
account is the modification of the four–momentum p̂0 =
(E0,p0) (p̂2

0 = m2
N ) of incoming proton inside the target

nucleus due to the nuclear optical potential V0. Let p̂
′
0 =

(E
′
0,p

′
0) be the four–momentum of incident proton under

the influence of this potential, whereas p̂A = (MA, 0) and
p̂
′

A = (MA + ∆p2

2MA
, ∆p) be the four–momenta of the ini-

tial with mass MA and recoiling (due to the refraction of
a beam proton at the nuclear surface) with momentum
∆p target nucleus, respectively. Energy and momentum
conservation reads:

p̂0 + p̂A = p̂
′

0 + p̂
′

A. (7)

This leads to the following expressions for the total energy
E
′
0 and momentum p

′
0 of the incident proton inside the

target nucleus:

E
′

0 = E0 −
∆p2

2MA
, (8)

p
′

0 = p0 −∆p. (9)

Taking into consideration that, on the other hand,

E
′

0 =
√

(p0 −∆p)2 +m2
N + V0 (10)

and assuming for the sake of numerical simplicity that the
recoil momentum ∆p of the target nucleus entering in the
(8) and (9) is parallel to the beam direction

∆p = ∆p
p0

|p0|
, (11)

we can readily get the following expression for the quantity
∆p:

∆p =
p0E

2
0MA

(
1−

√
1− 2V0E2

0
p2

0MA
− 2V0m2

N

p2
0E0

)
(E3

0 +m2
NMA)

≈ E0

p0
V0, (12)

where p0 = |p0|. According to [3, 5, 32, 33, 42], a proton
impinging on a nucleus at the kinetic energy ε0 of about
ε0 ≈ 1 GeV feels in the interior of the nucleus the repulsive
optical potential of about V0 ≈ 40 MeV . We will use
this value of potential V0 also at higher beam energies
considered in the present work. Then, in the energy range
under consideration, i.e., when the energy ε0 varies within
the range of about 1–3 GeV the ”recoil momentum” ∆p as
it follows from (12) amounts approximately to 43 MeV/c.

Further, let Et and pt be the total energy and mo-
mentum of the struck target nucleon N just before the
collisions (1), (2). Taking into account the respective re-
coil and excitation energies of the residual (A−1) system,
one has [10, 43, 44]:

Et = MA −
√

(−pt)2 + (MA −mN + E)2, (13)

where E is the removal energy of the struck target nucleon.
It is easily seen that in this case the struck target nucleon
is off–shell. After specifying the energies and momenta all
particles involved in the K+ production processes (1), (2)
we can write out the corresponding energy and momentum
conservation:

E
′

0 + Et = EK+ + EY + EN , (14)

p
′

0 + pt = pK+ + pY + pN . (15)

From (14) and (15) we obtain the squared invariant energy
available in the first chance pN collision:

s = (E
′

0 + Et)2 − (p
′

0 + pt)2. (16)

On the other hand, according to the (14), (15), one gets:

s = (EK+ + EY + EN )2 − (pK+ + pY + pN )2. (17)

Using (3)–(5), this leads to the following expression for
the in–medium reaction thresholds:√

s∗th = mK +m∗Y +m∗N =
√
sth + UYeff + UNeff , (18)

where
√
sth = mK +mY +mN are the threshold energies

in free space and the effective potentials are given by (6).
Hence, the reduction of the K+ threshold in the medium
will be 64 MeV in the case of pN → K+ΛN reaction and
60 MeV for the pN → K+ΣN process. This will strongly
enhance the K+ production via first chance pN collisions
(see, below).

Finally, neglecting the kaon final–state interactions
[10], we can describe the invariant inclusive cross section of
K+ production on nuclei from the primary proton induced
reaction channels (1) and (2) by the formulas (3)–(6) from
[10]. The invariant inclusive cross sections for K+ produc-
tion in the elementary processes (1), (2) appearing in (6)
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Table 1. Parameters in the approximation of the partial cross sections for the production of K+ mesons in pp–collisions

Reaction AY ,µb ·GeV −2 BY , GeV −2 CY ,µb ·GeV −2 sth,GeV 2

p+ p → K+ + Λ+ p 122.943 2.015 2515.56 6.490
p+ p → K+ +Σ +N 104.026 1.006 0. 6.880

[10] have been described in the present work also by the
three–body phase space calculations (formulas (9)–(12)
from [10] in which one has to make the following substi-
tutions: mN → m∗N , mY → m∗Y , E0 → E

′
0, p0 → p

′
0) nor-

malized to the corresponding ”in–medium” total cross sec-
tions σpN→K+Y N (

√
s,
√
s∗th). The ”in-medium” cross sec-

tions σpN→K+Y N (
√
s,
√
s∗th) are equivalent [14, 15] to the

vacuum cross sections σpN→K+Y N (
√
s,
√
sth) in which the

free thresholds
√
sth are replaced by the effective thresh-

olds
√
s∗th as given by (18). For the free total cross sections

σpN→K+Y N (
√
s,
√
sth) we have used the parametrization

suggested in [10] that has been corrected for the new data
points for pp → K+Λp reaction from the COSY–11 col-
laboration at COSY–Jülich [13] in the threshold region
covering the excess energy range up to 7 MeV , viz.:

σpp→K+Y N (
√
s,
√
sth) =

AY (s− sth)2

4m2
p +BY (s− sth)2

(19)

+CY (s− sth)2[0.5− (s− sth)/GeV 2]2.328

×Θ[0.5− (s− sth)/GeV 2]/(4m2
p),

where Θ(x) = (x+|x|)/2|x| and the constants AY , BY , CY
and sth are given in Table 1. The comparison of the results
of our calculations by (19) (solid line) with the experimen-
tal data close to the threshold for pp → K+Λp reaction
from the installation COSY–11 [13] (full squares), from
the facility TOF at COSY [13] (full dots) as well as from
the old bubble chamber measurements [45] (open crosses)
is shown in Figure 1. It is seen that our parametriza-
tion (19) fits quite well the world set of data for the
pp→ K+Λp reaction in the threshold region.

The effective numbers of nucleons for the pN →
K+Y N reaction on Be9 and C12 target nuclei have been
calculated in the case of Gaussian nuclear density (ρ(r) =
(b/π)3/2 exp (−br2), b = 0.240 fm−2 for Be9 and b = 0.248
fm−2 for C12) in accordance with the formula (17) from
[10].

Another a very important ingredient for the calcula-
tion of theK+ production cross sections in proton–nucleus
reactions in the subthreshold energy regime– the nucleon
spectral function P (pt, E) (which represents the proba-
bility to find in the nucleus a nucleon with momentum pt
and removal energy E) for C12 target nucleus was taken
from [10] (see, also, [46–52]). For K+ production calcula-
tions in the case of Be9 target nucleus reported here we
have employed for the single–particle (uncorrelated) part
P0(pt, E) of the nucleon spectral function the same ex-
pression as that used for C12 target nucleus, but in which
the s– and p–shell binding energies |ε1s| and |ε1p| were
taken from [53, 54]: |ε1s| = 26 MeV , |ε1p| = 16 MeV as
well as the parameter b0 determining the s– and p–shell

Fig. 1. The total cross section for pp → K+Λp reaction as a
function of an excess energy (

√
s−√sth). For notation see text

nucleon momentum distributions n1s(pt) and n1p(pt) was
set to 77.5 (GeV/c)−2. In our calculations of the K+ pro-
duction cross sections on Be9 the high momentum and
high removal energy part (correlated part) P1(pt, E) of
the nucleon spectral function has been used in the simple
analytical form given in [10], in which the two–particle
break–up threshold Ethr was taken to be 19 MeV and the
other parameters appearing in the P1(pt, E) were identi-
cal to those for C12.

Let us consider now the two–step K+ production
mechanism.

2.2 Two–step K+ production processes

Kinematical considerations show that in the bombarding
energy range of our interest (≤ 3.0 GeV ) the following
two–step production processes may not only contribute
to the K+ production in pA interactions but even domi-
nate [1, 3–5, 8–10] at subthreshold energies. An incident
proton can produce in the first inelastic collision with an
intranuclear nucleon also a pion through the elementary
reactions:

p+N1 → N +N + π, (20)

p+N1 → N +N + 2π. (21)

We remind that the free threshold energies for these re-
actions are, respectively, 0.29 and 0.60 GeV . Then the
intermediate pion, which is assumed to be on–shell, pro-
duces the kaon on a nucleon of the target nucleus via the
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elementary subprocesses with the lowest free production
thresholds (respectively, 0.76 and 0.89 GeV ):

π +N2 → K+ + Λ, (22)

π +N2 → K+ +Σ, (23)

provided that these subprocesses are energetically possi-
ble. Since the main contribution to the K+ production
at subthreshold incident energies comes from a very fast
pions moving in the beam direction, the relevant kinetic
energy εN of each nucleon produced in the reactions (20),
(21) together with a high–energy pion can be approxi-
mately estimated as εN ≈ 0.1GeV [10] at beam energies of
our interest. As has been mentioned above (see, (6)), such
low–energy outgoing nucleons feel inside the nucleus the
attractive effective potential UNeff = −34 MeV that re-
duces their free masses in line with the formula (5). Thus,
it is necessary to incorporate properly the effective nucleon
mass m∗N in calculations of the K+ production cross sec-
tion from the two–step processes (20)–(23). Moreover, it
should be taken into account in these calculations also the
same in–medium modification of the masses of hyperons
from secondary πN collisions (22) and (23) as that for hy-
perons from primary pN collisions due to the correspond-
ing effective potentials UΛeff and UΣeff (see, (5), (6)). Keep-
ing in mind this fact, we can represent the K+ production
cross section for pA reactions from the secondary pion in-
duced reaction channels (22) and (23) by the expressions
like the formulas (52)–(100) from [10]. As compared with
[10], the equations describing the inclusive invariant differ-
ential cross sections EπdσpN→πX/dpπ for pion production
in the elementary reactions (20), (21) and the maximum
momentum pmaxπ of a pion created in these reactions in-
clude the effective mass m∗N of the secondary nucleons in-
stead of their free mass mN as well as the in–medium four–
momentum p̂

′
0 = (E

′
0,p

′
0) of incident proton instead of its

initial four–momentum p̂0 = (E0,p0). And the expressions
describing the Lorentz invariant inclusive cross sections
for K+ production in πN collisions via the subprocesses
(22), (23) include now the effective hyperon mass m∗Y in-
stead of its rest mass mY in free space. For the total cross
sections σpN→NNπ, σpN→NN2π and σπN→K+Y of the ele-
mentary processes (20), (21) and (22), (23) we have used
in this study the same parametrizations as those employed
in [10] (see, also, [55–57]), but in which the corresponding
threshold energies have been properly corrected for the
effective mass m∗N of the secondary nucleons and for the
effective hyperon mass m∗Y , respectively. It is interesting
to note that both the parametrization (81) from [10] for
the total cross section σπ+n→K+Λ of reaction π+n→ K+Λ
and those from [18, 58] lead to similar results for the re-
spective kaon production cross sections in pA collisions at
subthreshold incident energies. Thus, the medium effects
under consideration have been taken into account in cal-
culating kaon production cross section from the secondary
pion induced reaction channels (22) and (23) on the same
covariant footing3 as that employed in calculation the K+

3 It should be noted that in [10] the nuclear mean–field ef-
fects on the kaon production cross section from pion induced

production cross section from primary proton induced re-
action channels (1) and (2). Results of investigations [10]
indicate that the main contribution to the K+ produc-
tion in the two–step reaction channels (20)–(23) both at
subthreshold and above the free NN threshold incident
energies comes from the use only of the uncorrelated part
P0(pt, E) of the nucleon spectral function. Therefore, we

will adopt hereafter only the EK+
dσ

(sec)
00 (p0)
dpK+

term in the
sum (52) [10] to calculate the K+ yield in pA interactions
from the secondary channels (22) and (23).

To show the validity of the present approach in the
description of the kaon yield in pA collisions from these
channels, it is obviously necessary to be able to repro-
duce within this approach the high momentum parts of
the charged pion spectra measured at forward laboratory
angles at beam energies between 1 and 2 GeV . Taking
into consideration the pion final–state absorption, we eas-
ily get the following expression for the invariant inclusive
cross section of pion production on nuclei from the pri-
mary proton induced reaction channels (20) and (21) (see,
also, [16]):

Eπ
dσ

(prim)
pA→πX(p0)
dpπ

=I
′

V [A]
〈
Eπ

dσpN→πX(p0,pπ)
dpπ

〉
, (24)

where

I
′

V [A] = A

∫
ρ(r)dr exp[−µ(p0)

0∫
−∞

ρ(r + xΩ0)dx− µ(pπ)

×
∞∫

0

ρ(r + xΩπ)dx], (25)

〈
Eπ

dσpN→πX(p0,pπ)
dpπ

〉
=
∫ ∫

P (pt, E)dptdE (26)

×
[
Eπ

dσpN→πX(
√
s,pπ)

dpπ

]
,

µ(p0) = σinpp(p0)Z + σinpn(p0)N,

µ(pπ) = (A/2)[σtotπp (pπ) + σtotπn(pπ)]. (27)

Here, σinpN (p0) and σtotπN (pπ) are the inelastic and total
cross sections of the free pN and πN interactions, respec-
tively; pπ and Eπ are the momentum and total energy of
a pion, Ωπ = pπ/pπ; Z and N are the numbers of protons
and neutrons in the target nucleus (A=N+Z); Ω0 = p0/p0

(p0 is the beam momentum). As has been pointed out al-
ready above, the differential cross sections for pion pro-
duction in pN collisions entering into the (26) take into
account the medium effects under consideration. Since we
are interested in the spectra of emitted pions at forward

reaction channels have been treated in a noncovariant manner.
However, both treatments–present and that given in [10], as
showed our calculations, lead to the close results.
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Fig. 2. Lorentz invariant negative pion inclusive cross sec-
tions versus the (lab) momentum at 00 for 1.05 (left) and
2.1 GeV (right) protons interacting with a carbon target. The
experimental data (open triangles) are from [59]. The curves
are calculation. The solid and dashed lines are our calcula-
tion by (24)–(28) for primary production processes (20), (21)
with the total nucleon spectral function at V0 = 40 MeV ,
UNeff = −34 MeV and V0 = 0, UNeff = 0, respectively. The ar-
rows indicate the kinematical limits for pion production from
free nucleons as well as from nucleon–nucleus interactions

laboratory angles, i.e. when Ωπ ≈ Ω0, we can easily ob-
tain in the case of a nucleus with the uniform density of
nucleons of a radius R = 1.3A1/3 fm the following simple
form for the integral (25) [16]:

I
′

V [A] =
3A

(a1 − a2)a2
2

(28)

×
{

1− (1 + a2)e−a2 − (
a2

a1
)2[1− (1 + a1)e−a1 ]

}
,

where a1 = 3µ(pπ)/2πR2 and a2 = 3µ(p0)/2πR2. The
comparison of the results of our calculations by (24)–(28)
for the Lorentz invariant inclusive cross sections for the
π− meson production at 00 in the interaction of 1.05 and
2.1 GeV protons with C12 nuclei with the experimental
data [59] is given in Fig. 2. The elementary cross sections
σinpN and σtotπN in the calculations were assumed to be, re-
spectively, 30 and 35 mb [10]. One can see that our calcu-
lations reproduce quite well the high momentum tails of
the pion spectra only if we include the effect of the mean
fields (mainly the nucleon effective potential UNeff ) on the
one–step production processes (20), (21). Let us discuss
now the results for π+ meson production. In Fig. 3 we
compare the results of our calculations by (24)–(28) for
the double differential cross sections for π+ production
in pC collisions at different incident energies and outgo-
ing angles with the experimental data [8, 60]. It is seen
that the agreement between the model calculations and
the measurements in the high momentum parts of the π+

spectra is quite remarkable, as in the above comparison for
the π− spectra, in the case of taking into account the in–
medium effects on secondary nucleons. Therefore, we are
confident that our approach is realistic enough to describe
the K+ production through the πN → K+Y reactions.

Fig. 3. Measured and calculated positive pion production cross
sections in pC collisions at different bombarding energies and
outgoing laboratory angles–a) 1.05 GeV , 00 [60]; b) 1.73 GeV ,
00 [60]; c) 1.2 GeV , 400 [8]; d) 1.5 GeV , 400 [8]. The lines are
results of our model at V0 = 40 MeV , UNeff = −34 MeV –solid

line, at V0 = 0, UNeff = 0–dashed line

Now, let us discuss the results of our calculations for
kaon production in pBe and pC interactions in the frame-
work of model outlined above.

3 Results and discussion

Figure 4 shows a comparison of the calculated invariant
cross sections for the production of K+ mesons with mo-
mentum of 1.28 GeV/c at the laboratory angle of 10.50

from primary pN → K+Y N and secondary πN → K+Y
channels with the experimental data [11] for p + Be9 →
K+ +X reaction at the various bombarding energies. One
can see that:

1) our model for primary and secondary kaon produc-
tion processes, based on nucleon spectral function, fails
completely to reproduce the experimental data at sub-
threshold beam energies (at energies ≤ 2.1 GeV for the
kinematical conditions of the experiment [11]) without
allowance for the influence of the corresponding effec-
tive potentials on the one–step (1), (2) and two–step
(20)–(23) production processes;

2) our calculations for the one–step reaction channels (1),
(2) with the set of parameters V0 = 40 MeV , UNeff =
−34 MeV , UΛeff = −30 MeV , UΣeff = −26 MeV (see,
(6)) reproduce quite well the experimental data [11]
in the energy region far below the lowest threshold,
but overestimate the data by a factor of 2 at higher
bombarding energies, what indicates that there is no
need for employing the medium effects considered by
us at these energies;
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Fig. 4. Lorentz invariant cross sections for the production of
K+ mesons with momentum of 1.28 GeV/c at the lab angle of
10.50 in p+Be9 reactions as functions of the laboratory energy
of the proton. The experimental data (full squares) are from
[11]. The curves are our calculation. The dashed lines with
one, two and three dots are calculations for primary produc-
tion processes (1), (2) with the total nucleon spectral function
at V0 = 0, UNeff = 0, UΛeff = 0, UΣeff = 0; V0 = 40 MeV ,

UNeff = −34 MeV , UΛeff = −30 MeV , UΣeff = −26 MeV

and V0 = 40 MeV , UNeff = −34 MeV , UΛeff = −20 MeV ,

UΣeff = −26 MeV , respectively. The two–dash–dotted line
represents our calculations for primary production process (2)
with the total nucleon spectral function at V0 = 40 MeV ,
UNeff = −34 MeV , UΣeff = −26 MeV . The solid line denotes
the same as the dashed line with two dots, but it is supposed
that the total nucleon spectral function is replaced by its cor-
related part. The short– and long–dashed lines are calculations
for the secondary production process (22) at V0 = 0, UNeff = 0,

UΛeff = 0 and V0 = 40 MeV , UNeff = −34 MeV , UΛeff =
−30 MeV , respectively. The line with alternating short and
long dashes represents calculations for the secondary produc-
tion processes (22), (23) at V0 = 40 MeV , UNeff = −34 MeV ,

UΛeff = −30 MeV , UΣeff = −26 MeV . The arrows indicate the
thresholds for the reactions pN → K+ΛN and pN → K+ΣN
occuring on a free nucleon

3) the results of our calculations of the kaon yield from
the two–step reaction channels (20)–(23) with the
same set of parameters for the effective potentials V0,
UNeff , UΛeff , UΣeff as that used above in the calculating
the K+ yield from the primary reaction channels (1),
(2) underestimate essentially the data [11] both at sub-
threshold and above threshold incident energies, what
means the dominance of the one–step K+ production
mechanism for the considered ”hard” kaon production
at all beam energies of interest;

4) the contributions to the K+ production from the pri-
mary reaction channels (1) and (2) with Λ and Σ par-
ticles in the final states are comparable at bombarding
energies ε0 ≥ 2.2 GeV , whereas at lower incident ener-
gies the primary production process (1) is essentially
more important than (2);

5) the primary proton–nucleon production process (1)
misses the experimental data in the far subthresh-
old region when the effective potential UΛeff that is
seen inside the nucleus by a slow Λ particle increases
from the value of UΛeff = −30 MeV , estimated from
the study of the binding and decay of hypernuclei, to
UΛeff = −20 MeV , what implies the strong sensitiv-
ity of ”hard” kaon yield at ”low” beam energies to the
lambda potential in the nuclear matter;

6) the kaon yield from the one–step K+ production
mechanism is entirely governed by the correlated part
P1(pt, E) of the nucleon spectral function only in the
vicinity of the absolute reaction threshold (at bom-
barding energies of ε0 ≈ 1.65–1.70 GeV ), what makes
difficult to extract the information on the high momen-
tum and high removal energy components within the
target nucleus even from the ”hard” kaon production
experiment [11].

It should be emphasized that the overall calculated kaon
spectrum (denoted by the dashed line with two dots in
Fig. 4) is not very sensitive to the effective potential
UΣeff in the subthreshold energy region, since the one–
step kaon production process (2) plays a minor role here.
Thus, changing this potential from the value of UΣeff =
−26 MeV used above to the values of UΣeff = −10 MeV

and UΣeff = 20 MeV , respectively, employed in [61] in the
analysis of the charged pion spectra in the K− absorp-
tion reaction at rest on C12 and inferred in [62] from the
studying of the (K−, π+) reaction on Be9, as showed our
calculations, does not affect practically the overall kaon
spectrum at beam energies ε0 ≤ 2.2 GeV and reduces it
approximately by 10% at higher incident energies. There-
fore, inclusive subthreshold and near threshold kaon pro-
duction in pA collisions does not permit to differentiate
the scenario with an attractive Σ potential from that with
repulsive Σ potential.

The results of our calculations for the double differen-
tial cross sections for the production of ”soft” K+ mesons
from primary pN → K+Y N and secondary πN → K+Y
channels at an angle of 400 in the interaction of protons
with energies of 1.2, 1.5 and 2.5 GeV with C12 nuclei and
the experimental data [8] are considered in Figs. 5–7. It is
seen that:

1) our model calculations for proton and pion induced re-
action channels underpredict significantly the data at
1.2 and 1.5 GeV incident energies without taking into
account the medium effects on the hadrons produced
in these channels, what is consistent with our previous
findings of Fig. 4;

2) the inclusion of the in–medium effects under consider-
ation leads to the substantial enhancement of the K+

cross sections both from primary and secondary kaon
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Fig. 5. Double differential cross sections for the production of
K+ mesons at an angle of 400 in the interaction of 1.2 GeV
protons with the C12 nuclei as functions of kaon momentum.
The experimental data (open squares) are from [8]. The curves
are our calculation. The dashed lines with one and two dots
are calculations for primary production process (1) with the
total nucleon spectral function at V0 = 0, UNeff = 0, UΛeff = 0

and V0 = 40 MeV , UNeff = −34 MeV , UΛeff = −30 MeV ,
respectively. The short–, long–dashed and dotted lines are cal-
culations for the secondary production process (22) at V0 = 0,
UNeff = 0, UΛeff = 0; V0 = 40 MeV , UNeff = −34 MeV ,

UΛeff = −30 MeV and V0 = 40 MeV , UNeff = −34 MeV ,

UΛeff = 0, respectively. The thin solid line is the sum of the
dashed line with two dots and dotted line

production processes at 1.2 and 1.5 GeV beam ener-
gies as well as to the similar magnitude4 for these K+

creation processes at indicated bombarding energies;
3) the ”soft” kaon yield from the secondary reaction chan-

nel (22) with Λ particle in the final state at 1.2 and
1.5 GeV beam energies is not very sensitive to the
effective potential UΛeff that is seen inside the nu-
cleus by a lambda when this potential increases from
UΛeff = −30 MeV to UΛeff = 0 and moreover, the dif-
ference between the calculations with allowance for the
influence of this potential on the production process
(22) and without it increases with decreasing incident
energy;

4) the one–step K+ production mechanism clearly dom-
inates at 2.5 GeV proton beam energy both with and

4 It should be mentioned that the first chance collision mod-
els [8, 10], based on nucleon spectral function as well as on
discarding any self–energies for the produced hadrons, pre-
dict a minor role for the direct K+ production processes (1),
(2) compared to that for the secondary K+ reaction channels
(22), (23) in subthreshold kaon production in pC interactions
at these bombarding energies.

Fig. 6. Double differential cross sections for the production of
K+ mesons at an angle of 400 in the interaction of 1.5 GeV
protons with the C12 nuclei as functions of kaon momentum.
The dashed lines with one and two dots are calculations for
primary production processes (1), (2) with the total nucleon
spectral function at V0 = 0, UNeff = 0, UΛeff = 0, UΣeff = 0

and V0 = 40 MeV , UNeff = −34 MeV , UΛeff = −30 MeV ,

UΣeff = −26 MeV , respectively. The rest of the notation is
identical to that in Figure 5

without including the influence of the mean fields on
the one–step production processes (1), (2);

5) the high momentum tail5 (plab ≥ 0.9 GeV/c) of the
kaon spectrum measured in [8] at 2.5 GeV incident
energy is much better reproduced by our first chance
collision model when including the same influence of
the mean fields on the one–step production processes
(1), (2) as that employed above (see Fig. 4) in the
analysis of the energy dependence of the ”hard” kaon
production taken in [11], whereas its low momentum
tail (plab ≤ 0.6 GeV/c) is reasonably well described
by the model both with and without including this
influence;

6) our overall calculations (the sum of results obtained
both for the one–step (1), (2) and two–step (20)–(23)
reaction channels, thin solid lines in Figs. 5–7) repro-
duce reasonably the experimental data only if we in-
clude the effect of the respective effective potentials on
the one–step kaon production processes (1), (2) and on
pion production reactions (20), (21).

The results presented in Figs. 5, 6 indicate that the better
description of the data is achieved when we discard the
effective potential UΛeff seen inside the nucleus by lamb-
das from the secondary production process (22). This is
realistic enough, since the spatial creation points of hy-

5 It should be noticed that for kinematical conditions of the
experiment [8] the kaons emitted with the laboratory momenta
plab ≥ 0.9 GeV/c are subthreshold kaons.
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Fig. 7. Double differential cross sections for the production of
K+ mesons at an angle of 400 in the interaction of 2.5 GeV
protons with the C12 nuclei as functions of kaon momentum.
The dotted line is calculation for the secondary production
processes (22) and (23) at V0 = 40 MeV , UNeff = −34 MeV ,

UΛeff = 0, UΣeff = 0. The dashed lines with one and two dots,
the thin solid line denote the same as in Figure 6. The thick
solid line is the sum of the dash–dotted and dotted lines

perons due to secondary πN collisions are shifted to the
periphery of the target nucleus (where the nuclear density
is smaller than that inside of it) in comparison to those
from primary pN events [34]. Therefore, we will neglect
the self–energies for hyperons from pion induced reactions
(22), (23) in the further calculations. It is evident that in
this case the kaon yield from the two–step reaction chan-
nels (20)–(23), calculated in the kinematical conditions of
the experiment [11] (see Fig. 4), will be less (by a factor of
5 as showed our calculations) than that obtained with the
set of potential parameters (6) (the line with alternating
short and long dashes in Fig. 4) at subthreshold bombard-
ing energies. This fact is also in line with the conclusion
deduced above that the direct K+ production mechanism
dominates in the subthreshold ”hard” kaon production in
pBe9 interactions [11].

It should be pointed out that the two–pion production
reactions (21) have been taken into account in the above
calculations only at 2.5 GeV incident laboratory kinetic
energy, where their contribution to the inelastic cross sec-
tions of free pN interaction is about 40%. It is worth also
mentioning that the present model can simultaneously re-
produce the π+ spectra measured in the same experiment
[8] (see Fig. 3).

Figure 8 presents a comparison of the results of our cal-
culations for the Lorentz invariant inclusive cross sections
for the production of K+ mesons at the laboratory angle
of 10.50 from proton and pion induced reaction channels
with the experimental data [12] for p + Be9 → K+ + X
reaction at 1.7 GeV beam energy. It can be seen that:

Fig. 8. Lorentz invariant inclusive cross sections for the pro-
duction of K+ mesons at an angle of 10.50 in the interac-
tion of 1.7 GeV protons with the Be9 nuclei as functions of
kaon momentum. The experimental data (full squares) are
from [12]. The curves are our calculation. The dashed lines
with one and two dots are calculations for primary production
processes (1), (2) with the total nucleon spectral function at
V0 = 0, UNeff = 0, UΛeff = 0, UΣeff = 0 and V0 = 40 MeV ,

UNeff = −34 MeV , UΛeff = −30 MeV , UΣeff = −26 MeV , re-
spectively. The dashed line with three dots denotes the same
as the dashed line with two dots, but it is supposed that the to-
tal nucleon spectral function is replaced by its correlated part.
The short–dashed and dotted lines are calculations for the sec-
ondary production processes (22), (23) at V0 = 0, UNeff = 0,

UΛeff = 0, UΣeff = 0 and V0 = 40 MeV , UNeff = −34 MeV ,

UΛeff = 0, UΣeff = 0, respectively. The thick solid line is the
sum of the dash–dotted and dotted lines

1) the model calculations for primary and secondary kaon
production processes underestimate substantially the
subthreshold data points6, as in the above cases (cf.
Figs. 4–7), without including the in–medium effects
considered by us;

2) the high momentum part of the measured kaon spec-
trum is fairly well reproduced by the calculations for
the one–step production processes (1), (2) with al-
lowance for the same influence of the nuclear mean
fields on these processes as that adopted above in the
analysis of another experimental data [8, 11] on sub-
threshold kaon production in pBe and pC collisions
(see Figs. 4–7), whereas its low momentum part is over-
estimated by calculations by a factor of about 2–3;

3) our calculations of the kaon yield from the two–step
production processes (20)–(23) with the same set of

6 It should be noted that for kinematical conditions of the
experiment [12] the data points which correspond to the lab-
oratory kaon momenta plab ≥ 0.8 GeV/c are the subthreshold
data points.
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Fig. 9. The total cross sections for K+ production in p+C12

reactions as functions of the laboratory energy of the proton.
The experimental data (full dots) are from [1]. The curves
are calculation. The dashed lines with one and two dots are
calculations for primary production processes (1), (2) with
the total nucleon spectral function at V0 = 0, UNeff = 0,

UΛeff = 0, UΣeff = 0 and V0 = 40 MeV , UNeff = −34 MeV ,

UΛeff = −30 MeV , UΣeff = −26 MeV , respectively. The short–,
long–dashed and dotted lines are calculations for the secondary
production process (22) with Λ particle in the final state at
V0 = 0, UNeff = 0, UΛeff = 0; V0 = 40 MeV , UNeff = −34 MeV ,

UΛeff = −30 MeV and V0 = 40 MeV , UNeff = −34 MeV ,

UΛeff = 0, respectively. The thin solid line is the sum of the
dashed line with two dots and dotted line

parameters for the effective potentials V0, UNeff , UΛeff
and UΣeff as that employed above (see Figs. 5–7) in
the analysis of the corresponding K+ yield from pC
interactions underpredict significantly the subthresh-
old data points, what indicates the dominance of the
one–step K+ production mechanism at the laboratory
kaon momenta plab > 0.8 GeV/c;

4) the high momentum tail of the kaon spectrum from di-
rect K+ production mechanism is almost completely
determined by the correlated part P1(pt, E) of the nu-
cleon spectral function only in a very limited range of
kaon momenta (plab ≈ 1.25–1.35 GeV/c), what makes
difficult to extract this part from the experimental
data [12].

In Fig. 9 we compare the results of our calculations
for the total cross sections for K+ production in pC12

collisions from primary pN → K+Y N and secondary
πN → K+Λ channels with the experimental data [1]. It
is clearly seen that:

1) the calculations for primary and secondary kaon pro-
duction channels miss essentially the data in line with
our findings inferred above from the analysis of the
data on differential kaon production cross sections
when no self–energy effects have been employed and
moreover, the primary pN and secondary πN chan-
nels are of the same order of magnitude in this case;

2) approximately an equal magnitude7 for these channels
is gained at beam energies below about 1.1 GeV when
the same influence of the nuclear mean fields on them
(the set of potential parameters (6) for the direct K+

production processes (1), (2) and the set of parameters:
UNeff = −34 MeV , UΛeff = 0 for the two-step reaction
channels (20)–(22)) as that allowed us to describe the
existing experimental data [8, 11, 12] on the differential
kaon production cross sections (cf. Figs. 4–8) has been
included;

3) our full calculations (the sum of results obtained both
for the one–step (1), (2) and two–step (20)–(22) reac-
tion channels, thin solid line in Fig. 9), which adopted
the effect of the respective effective potentials on these
channels, reproduce reasonably well the measured [1]
total K+ production cross sections8 at proton energies
below about 900 MeV , but overestimate slightly the
data at higher bombarding energies.

Clearly the enhanced K+ production via first–chance pN
collisions (1), (2) (dashed line with two dots in Fig. 9)
is due to the in–medium reduction of the masses of final
nucleon and hyperon that leads to the lowered effective
kaon creation thresholds in line with (18). Whereas the
increased cross sections for K+ production through sec-
ondary process πN → K+Λ are caused by both the in–
medium Λ mass reduction due to an attractive effective
lambda–nucleus potential UΛeff and an enhanced fast pion
production (see Figs. 2, 3) from primary proton induced
reaction channels (20), (21) due to an effective nucleon–

7 It should be emphasized that this finding is in disagreement
with the conclusions of the authors of earlier studies [3–5] of
the measured [1] total cross sections for K+ production from
pA collisions in the framework of the simple folding models
who claim the dominance of the secondary πN channel for
K+ production in proton–nucleus reactions at subthreshold
energies. This result disagrees also with the recent studies [9,
10] of the data [1] on total K+ production cross section from
pC interactions within the spectral function approach without
including any self–energy effects for the hadrons created in
direct processes (1) (2), since it has been claimed in [9, 10] that
the two–step kaon production mechanism with an intermediate
pion dominates in subthreshold regime as in the folding models
[3–5].

8 It is interesting to note that we are able to reproduce
reasonably these cross sections also within the simple fold-
ing model (cf. [3–5]) for the two–step K+ production mecha-
nism (pN1 → πNN , πN2 → K+Λ) which is obtained from the
present model by replacing the total nucleon spectral function
on the shell–model momentum distribution (30) [10], assuming
the struck target nucleon to be on–mass shell as well as employ-
ing only the repulsive optical potential of about V0 ≈ 50 MeV
in the entrance channel in line with [3, 5, 9].
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Fig. 10. The total cross sections for K+ production in p+C12

reactions as functions of the laboratory energy of the proton.
The experimental data are from [1, 8, 63, 64]. The curves are
calculation. The short–dashed and dotted lines are calculations
for the two–step production processes (20)–(23) at V0 = 0,
UNeff = 0, UΛeff = 0, UΣeff = 0 and V0 = 40 MeV , UNeff =

−34 MeV , UΛeff = 0, UΣeff = 0, respectively. The thick solid
line is the sum of the dot–dashed and short–dashed lines. The
rest of the notation is identical to that in Figure 9

nucleus potential UNeff (long–dashed line) as well as by
only enhanced fast pion production alone (dotted line).

Finally, Fig. 10 shows the same comparison as that
presented in Fig. 9, but includes also data points at pro-
ton energies of 1.2, 1.5, 1.7 and 2.5 GeV . The data point
at 1.2 GeV was taken from the recently published paper
[63] in which it has been inferred from the measured dou-
ble differential cross sections for ”soft” kaon production
at the laboratory angles of 400 [8] and 900 [63] for this
bombarding energy. The data points at 1.5 and 2.5 GeV
were taken from [8], where the ones have been deduced
from the measured K+ double differential cross sections
at these incident energies (see Figs. 6, 7). And the data
point at 1.7 GeV was taken from [64], where it has been
extracted from the inclusive invariant cross sections for
kaon production in pBe9 interactions, given in Fig. 8, as-
suming an A2/3 scaling to make an extrapolation from
Be9 to C12 target nuclei. It is nicely seen that our overall
model calculations (the sum of results obtained both for
primary and secondary kaon production processes, thin
solid line in Fig. 10) with including the same mean–field
effects as those, allowed us to describe above the data
both on differential [8, 11, 12] and total [1] kaon produc-
tion cross sections, reproduce fairly good also the mea-
sured [8, 63] total K+ production cross sections at proton
energies of 1.2, 1.5, 2.5 GeV and overestimate the data

point [64] at 1.7 GeV by a factor of about 39. Whereas
the similar calculations with no mean–field effects (thick
solid line in Fig. 10) describe reasonably both this data
point and that at 2.5 GeV , but fail completely to repro-
duce the data at lower incident energies, what counts in
favour of the former model calculations. It is also seen
that at beam energies below about 1.5 GeV the contri-
butions from the two–step and one–step kaon production
processes are comparable in both calculations.

Taking into account the considered above, one may
conclude that the relative strength of the proton and pion
induced reaction channels in light target nuclei in the sub-
threshold energy regime is mainly governed by the kine-
matics of experiment on inclusive kaon production in pA
interactions. Our results demonstrate also that further
measurements of the total (and differential) cross sections
for K+ production on light nuclei in the proton–energy
range 1.0–1.7 GeV are extremely needed nowadays to re-
liably test the spectral function approach presented in this
study as well as to deeply elucidate the underlying mecha-
nism of subthreshold kaon production and the role played
by nucleon–nucleon correlations in this phenomenon. Such
measurements might be made at, for example, the CEL-
SIUS storage ring of the Uppsala The Svedberg Labora-
tory and the Cooler Synchrotron COSY–Jülich.

4 Summary

In this study we have calculated the total and differ-
ential cross sections for K+ production from pBe9 and
pC12 reactions in the near threshold and subthreshold en-
ergy regimes by considering incoherent primary proton–
nucleon and secondary pion–nucleon production processes
in the framework of an appropriate folding model, which
takes properly into account the struck target nucleon mo-
mentum and removal energy distribution, novel elemen-
tary cross sections for proton–nucleon reaction channel
close to threshold as well as nuclear mean–field poten-
tial effects on the one–step and two–step kaon production
processes. The detailed comparison of the results of our
calculations with the existing experimental data [1, 8, 11,
12, 63] was made. It was shown that these effects are of im-
portance in consistent explaining both the considered ex-
perimental data on kaon production and the measured [8,
59, 60] at forward angles charged pion spectra from pC12

interactions at beam energies between 1.05 and 2.1 GeV .
It was also found that, contrary to previous studies carried
out in the literature, the pion–nucleon production chan-
nels do not necessarily dominate in pA collisions at sub-
threshold energies and the relative weight of the proton
and pion induced reaction channels in light target nu-
clei in the subthreshold energy regime is governed by the
kinematics of experiment under consideration, namely: the
one–step K+ production mechanism clearly dominates in
the subthreshold ”hard” kaon production in pBe9 [11, 12]

9 Compare to the analogous difference in low momentum re-
gion between the measured and calculated kaon production
cross sections presented in Fig. 8.
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and pC12 [8] collisions, whereas in the subthreshold ”soft”
kaon production in pC12 reactions [1, 8, 63] the contribu-
tions from the direct and two–step kaon production pro-
cesses are comparable. Our present results indicate that
the kaon yield from the one–step K+ production mech-
anism is almost completely determined by the correlated
part of the nucleon spectral function only in a very limited
range of kaon momenta (for kaon spectra) or bombarding
energies (for energy dependence), what makes difficult to
extract it from the data under consideration. Therefore,
further measurements of the differential cross sections for
subthreshold ”hard” K+ production on light nuclei are
needed both to reliably test the spectral function approach
presented in this work and to deeply elucidate the underly-
ing mechanism of subthreshold kaon production and the
role played by nucleon–nucleon correlations in this phe-
nomenon.

I am very grateful to Yu.T.Kiselev and V.A.Sheinkman for
their information on experimental results from the ITEP syn-
chrotron on near threshold and subthreshold kaon production
in proton–nucleus collisions as well as for valuable discussions
throughout this study. I am also thankful to L.A. Kondratyuk
for interest in the work.
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